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A few years ago Baker [1] proposed a Lemaˆitre-Tolman metric which could vary smoothly between
the Schwarzschild metric at small scales and the Friedmann-Robertson-Walker (FRW) metric at large
scales. As it stands, by implementing the Bona-Stela construction [2] its predictions are incompatible
with solar system data. We find a different metric within the same class which avoids this problem
while introducing a variable modified gravitational potential which dominates Newtonian gravity
for low central baryoinc densities at early time, that can go some way to explain the growth rate of
the baryonic matter density perturbation and the enhancement of the higher CMB acoustic peak
anisotropies.
PACS numbers: ??
INTRODUCTION
For cosmological considerations such as a galaxy evolving in an expanding cosmological background, a metric
that interpolates between the Schwarzschild metric at small scales and the Friedmann-Robertson-Walker (FRW)
metric at large scales is required. From the Einstein-Straus vacuole model where the Schwarzschild solution can
be matched smoothly to a spherical surface of the expanding background. The location of the Junction is however
highly sensitive to fluctuations of matter densities due to the Schwarzschild and FRW region. Einstein and Straus
conclude that cosmic expansion is not relevant to solar system [3]. Bonner [4] allows for inhomogeneity inside
the vacuole and obtains similar conclusion for the Milky Way (MW). However, questions remain concerning the
matching a pressureless static metric with cosmic background of non-zero pressure or in a cylindrical symmetric
setting as [8]-[10]. McVittie [5] obtains a metric in isotropic coordinates from allowing the mass of the Schwarzschild
model to have scale factor dependence and adding a scale factor squared to the spatial part. For a point mass
embedded in a perfect fluid, working from an isotropic metric which tends to FRW background at large distances
asymptotically, the McVittie is essentially unique [6]. However, the McVittie metric has a pressure singularity at
small distances that prevents matter accretion which seems at odds with observations. Also on observational grounds
locally isotropy is not required which leads to attempts to obtain anisotropic metric [7] with solution around point
mass to aymptotically go to the Schwarzschild metric [7]. Nonetheless it is generally believed that the effects of the
cosmological background on the dynamics due to Schwarzschild metric is small. A few years ago Baker proposed
an interpolating metric in Lemaiˆtre-Tolman (LT) coordinates. As it stands, by implementing the Bona-Stela
construction its predictions are incompatible with solar system data. We find a different metric within the same
class which avoids this problem while introducing a variable modified gravitational potential VMOND. We transform
this solution to the more familiar ”curvature coordinates” and find that it has a very familiar interpretation. By
analysing its equation of motion, we find that the VMOND density squared is the product of the central (effective)
baryonic density and cosmological background density. So that when the central baryonic density is much larger than
the cosmological background, VMOND is negligible comparing to Newtonian gravity as expected. This is applicable
to late time system around galactic centre. However, when central baryonic density is much smaller than the
cosmological background, VMOND in fact dominates over Newtonian gravity, this is unexpected and applicable to
the early time overdensities that seeded the galaxies. We explore the VMOND effects in these different circumstances
and find that VMOND can provide the missing gravity effects which led to the dark collision matter (DM) paradigm.
A major challenge for this DM paradigm is to date, dark matter particles have not been found within our solar
system [11]. Alternative approaches to explain dark matter without introducing new particles include black holes
[12] require modified Newtonian dynamics (MOND) [13–16] and Conformal Gravity [17]. In its original formulation
MOND is a phenomenological theory which is successful at galactic distances but becomes problematic at larger
distances and at high acceleration epochs. Conformal Gravity has an inherent free parameter which can be tuned to
produce the correct galactic curves for a large number of galaxies. However, recent experiments [18, 19] suggest that
distant galaxies rotate more slowly at their outskirts than in their centres than do newer galaxies. This requires the
non-Newtonian potential whether it be MOND or DM halo to evolve over cosmological time. We will explore this
issue in the next work in the series.
In the next section we show how we arrive at the solution within the Baker framework. In section 3 we
2transform this solution into the curvature coordiates and work out the energy and acceleration equations. In section
4, we apply VMOND to the early time overdensity perturbation evolution and CMB the acoustic peaks. The last
section is a short summary and conclusion.
2 THE MODEL
The patching together of Schwarzchild and FLRW metrics is a familiar idea. In particular, we see the Bona-Stela
construction [2] in which a spherical patch containing a central mass is inserted in a flat FLRW background. Baker [1]
showed how the Bona-Stela construction could be derived from an interpolating metric and we follow his approach.
Baker [1] adopted a Lemaiˆtre-Tolman (LT) metric
ds2 = −e2α(̺,τ)d̺2 − e2β(̺,τ)dΩ2 + c2dτ2 (1)
to describe the motion of test particles in the vicinity of a point-mass M placed in an expanding cosmological back-
ground, with proper time τ and comoving distance ̺, with dΩ2 = dθ2+sin2θdϕ2. We use his results where appropriate
although our final choice of LT metric will not be his. Assuming spatial curvature is isotropic, θ = π2 and space is
”flat”, time-orthogonality requires that eα = β′eβ where ′ denotes differentiation with respect to ̺. Different solutions
of β represent different metrics. We begin by repeating the analysis of [1]. With indices 1 and 4 denoting radial and
temporal coordinates respectively, and 2, 3 angular coordinates, let F ij denote the FLRW stress-momentum tensor:
8πF 11 = 8πF
2
2 = 8πF
3
3 = 2
a¨
ac2
+ 3
(
a˙
ac
)2
− Λ, (2)
8πF 44 = 3
(
a˙
ac
)2
− Λ, (3)
where Λ is the cosmological constant. A necessary constraint on the metric (1) defined by β is that, as ̺ → ∞, its
stress-momentum tensor T ij → F ij . τ is the coordinate time in Baker’s work, the comoving distance ̺ is ρ in Baker
notation. Starting with a general Bona-Stela (Ricatti) ansatz: overdot and ’ denote differentiation with respect to τ
and ̺, β is chosen to preserve the form
r = eβ(̺,τ) = a(τ)γ
[
C1(̺) + C2(̺)ω(τ)
]α
, where ω(τ) =
∫ τ
t0
dy
a(y)η
. (4)
where C1(ρ), C2(ρ) are arbitrary function of ̺ and α, η are constants to be fixed, the choice γ = 1 is a choice to be
consistent with the Friedmann-Lemaitre metric in larger distance r, we have
β˙ =
a˙
a
+ α
C2ω˙
(C1 + C2ω)
(5)
β¨ =
a¨
a
−
(
a˙
a
)2
− αC
2
2 ω˙
2
(C1 + C2ω)2
+
αC2ω¨
C1 + C2ω
(6)
β¨ =
a¨
a
−
(
a˙
a
)2
− αC
2
2 ω˙
2
(C1 + C2ω)2
− αηω˙C2H
C1 + C2ω
(7)
where
ω˙ =
1
aη(τ)
; ω¨ = −ηω˙H (8)
8πT 11 = 2β¨ + 3β˙
2 − Λ = 2 a¨
a
+
(
a˙
a
)2
+ α(3α− 2)
(
C2ω˙
(C1 + C2ω)
)2
+ 2α(3− η) C2ω˙
(C1 + C2ω)
(
a˙
a
)
− Λ, (9)
3the dominant terms of the equation of motion in Baker’s Eq. (29) comes from
β¨ + β˙2 =
a¨
a
+ α(α− 1) C
2
2 ω˙
2
(C1 + C2ω)2
+
α(2 − η)C2ω˙
C1 + C2ω
(
a˙
a
)
. (10)
To reproduce the Newtonian behaviour we need the second term on the RHS of Eq.(10) to satisfy
ω˙2
(C1 + C2ω)2
=
1
a2η(C1 + C2ω)2
=
1
r3
; α(α − 1)C22 = −GM or α(α− 1) +
2
9
= 0, (11)
for the Baker’s choice C22 = − 94GM . From Eq. (1), r3 = a3(C1 + C2ω)3α we need 2η = 3 ( Note: η = 3 would lead
to an extra factor a(τ) multiplied to r) and 3α = 2 which also satisfies α(α− 1) + 2/9 = 0. α = 2/3 is also the choice
for a = 1 Schwarzschild-Lematre (see Baker Eq.(6)) ; where
η = 0, or ω = τ. (12)
(Note: an important point is that we have followed Baker’s choice C1 = −C2 to preserve the singular structure at
some point (̺, a(τ)), however now we have η = 3/2, we can calculate
ω =
∫ τ
t0
dy
a3/2(y)
=
∫ τ
t0
1
a5/2
a
a˙
da = − 2
3H
1
a(τ)3/2
+
2
3H
1
a(t0)3/2
; assuming H constant. (13)
We could have chosen ω =
∫ τ 1
a3/2
− 23H 1a(t0)3/2 = −
2
3H
1
a(τ)3/2
with no effect on the subsequent analysis. In this case
we need to choose a positive C2 = C1. The implication is a sign change for the modified gravity term in the potential
and corresponding to an alternative solution when we go to the Curvature coordinates. )
At this point we focus on the choice α = 2/3 and η = 3/2
β˙ =
a˙
a
+ α
C2ω˙
(C1 + C2ω)
=
a˙
a
+
2
3
1
a3/2
C2
(C1 + C2ω)
=
a˙
a
+
2
3
C2
r3/2
(14)
where the last equality of Eq.(14) comes from using the definition r = eβ = a(t)(C1 +C2ω)
2/3 in Eq. (4). where and
Baker’s choice of C2 and C1 are
C2 = −
3
2
√
2GM, C1(ρ) = −C2̺ (15)
β˙ =
a˙
a
−
√
2M
r3
; β
′
=
2
3
(
C
′
1 + C
′
2ω
C1 + C2ω
)
=
√
2GMa3
r3
; eα = β
′
r =
√
2GMa3
r
(16)
The eα term will be useful shortly, and for direct calculation of non-Newtonian terms we also need the terms
β˙
′
β′
= − C2ω˙
C1 + C2ω
;
β˙
′
β′
= −3
2
(
β˙ − a˙
a
)
=
√
2GM
r3
(17)
For the equation of motion (Baker’s Eq (29)), writing H = a˙a for simplicity
r¨ = (β¨ + β˙2)r +
C20
r3
+ highspeed correction (18)
One has from Eq.(4) that
β¨ = H˙ − 3GM
r3
+
3H
√
2GM
2r3/2
(19)
β¨ + β˙2 = H2 + H˙ +
(
2GM
r3
− 3M
r3
)
− 2H
√
2GM
r3/2
+
3
2
H
√
2GM
r3/2
(20)
4The radial acceleration r¨ is
r¨ =
(
a¨
a
− GM
r3
− H
√
2GM
2r3/2
)
r +
C20
r3
=
(
a¨
a
− GM
r3
− H
√
2GM
2r3/2
)
r +
h2
r3
(21)
where C20 = h
2, h is the angular momentum per unit mass, the Newtonian terms are taken by the approximation
r˙/r≪ 1 to satisfy the usual slow speed limit. We summary the solutions of some specific choices of Eq. (1) :
I) a(τ) = 1, η = 0 or ω = τ , one recovers the Schwarzschild-Lemaitre metric which is our current gravity
model of static localised mass.
II) keeping a(τ) variable for M → 0, one recovers the Friedmann-Lemaitre (Robertson-Walker) equations.
r = 0 if one takes M = 0 at the outset.
III) keeping a(τ) and M > 0; for η = 3 one recovers the Baker’s Bona-Stela solution with an equation of
motion
r¨ =
a¨
a
r − 2C
2
2r
9a3r3
− 2
3
a˙
a
C2
(ar)3/2
r +
h2
r3
, (22)
that does not fit Newtonian limit at short distances. The potential which leads to Eq. (21 ) is given by
V (r) =
h2
2r2
− GM
r
+H
√
2GMr − 1
2
H2r2 =
h2
2r2
− 1
2
β˙2r2 (23)
where
0 =
1
2
dr˙2
dτ
+
d
dτ
V = −h
2
r3
r˙ − r˙rβ˙2 − r˙
r
β¨r2 (24)
r¨ =
h2
r3
+ r(β˙2 + β¨) (25)
which is Eq.(18). For the relativistic part, it is easier to obtain in the curvature coordinates than from Baker [1]
directly.
3 TRANSFORMATION TO CURVATURE COORDINATES
We try to go to the more familiar Curvature coordinates to see how our solution differs from other known metrics.
The Tolman- Lemaitre metric in flat space
ds2 = −e2α(̺,τ)d̺2 − e2β(̺,τ)dΩ2 + c2dτ2 = −e2α(̺,τ)d̺2 − r2dΩ2 + c2dτ2 (26)
but the Schwarzschild metric is written in Curvature coordinates which is of the form
ds2 = −e2µdr2 − r2dΩ2 + c2e2νdt2 (27)
in which
e2ν =
1
e2µ
= (1− 2GM
c2r
). (28)
From last section, for the Tolman-Lemaitre time τ and distance ̺, we have the exact form for r
r = eβ = a(τ)[−C2(̺− ω)]2/3. (29)
which for a = 1 and ω = τ is the Schwarzschild Lematre metric. We want to go to the Curvature Coordinates (r, t)
where t is the ”earth” time that Baker was referring to.
5(To obtain the conversion, we follow the work of Eq. (2.1-2.5) in the Ronald Gautreau paper [20]
The key is to write eαd̺ in Eq.(20) in terms of dr and dτ . From rearranging Eq.(23) and Eq. (12)
̺ = − cr
3/2
C2a3/2
+ ω; eα = β
′
eβ =
√
2GMa3
c2r
; (30)
d̺ = −3
2
cr1/2
C2a3/2
(
dr − r a˙
a
dτ
)
+ cω˙dτ =
√
c2r
2GMa3
(
dr − r a˙
a
)
dτ +
√
c2
a3
dτ (31)
As we note in the previous section different epoch has slightly different potential, we focus on the cosmological constant
dominant epoch a˙a = H =
Λ
3
eαd̺ = dr − rHdτ +
√
2GM
r
dτ = dr − r
(
H −
√
2GM
r3
)
dτ = dr − rβ˙
c
cdτ (32)
ds2 = c2dτ2 − r2dΩ−
(
dr − rβ˙
c
cdτ
)2
= c2dτ2 − r2dΩ− dr2 + 2dr(cdτ) β˙r
c
− r
2β˙2
c2
c2dτ2 (33)
As ds2 involves a cross term drdτ which in general is difficult to eliminate. We follow the successful ansatz for
transforming Schwarzschild Lemaitre metric and Schwarzschild de-Sitter metric (Mitra [8] and Gautreau (see [9]) to
choose dτ
cdτ = cdt− rβ˙/c
(1− (rβ˙/c)2)
dr (34)
(Mitra [8] also raises the interesting issue of conflicts between static and non-static metric, see note **), one can
obtain the following:
eαd̺ = dr − rβ˙
c
cdτ = dr − rβ˙
c
(
cdt− rβ˙/c
(1− (rβ˙/c)2)
dr
)
= dr
[
1 +
(rβ˙/c)2
(1− (rβ˙/c)2)
]
− rβ˙dt = dr
1− (rβ˙/c)2
− rβ˙dt (35)
With the transformation Eq. (34) we have
c2dτ2 = c2dt2 +
(rβ˙/c)2
(1 − (rβ˙/c)2)2
dr2 − 2cdtdr rβ˙/c
(1 − (rβ˙/c)2)
(36)
−e2αd̺2 = − dr
2
(1− (rβ˙/c)2)2
− r
2β˙2
c2
c2dt2 + 2cdtdr
rβ˙/c
(1 − (rβ˙/c)2)
(37)
ds2 = − dr
2
1−
(√
2GM
c2r − Hc r
)2 − r2dΩ2 +
[
1− (
√
2GM
c2r
− H
c
r)2
]
c2dt2; (38)
We shall see that this metric reproduces the equation of motion of our Tolman-Lematre (TL) solution in the last
section. We write the short-hand notation
Z = 1−
(√
2GM
c2r
− H
c
r
)2
(39)
where for H = 0 one obtains the Schwarzschild exterior metric.
6At the M → 0 limit one recovers the Friedmann-Lemaitre metric in Curvature Coordinates (or the Schwarzschild
interior solution)
ds2 = − dr
2
1− (Hr/c)2 − r
2dΩ2 + [1− (Hr/c)2]dt2 (40)
which for H2 = Λ/3 is the Eq. (6.3) in Gautreau [20]. We shall see below that using our approach Eq.(40) is also
true for general H . (We note that for Z = (1− 2GM/rc2 − Λr2/3c2) gives Schwarzschild de-Sitter metric.)
Cut-off radius:
For Z in Eq. (39), it is easy to see that for 2GMr = H
2r2, one recovers a Minkowskian metric (empty space-time).
The implication is that, there is always a co-moving shell r(ρ, τ)
r3 =
2GM
H2
. (41)
At this cut-off radius the metric is isotropic and homogeneous, the Junction conditions (see[21]) for r = r(τ)
dr(τ)
dτ
= rβ˙ = r
(
H −
√
2GM
r3
)
= 0; p = 0 (42)
is satisfied, where p is the pressure which is zero at empty (Minkowskian) space.
(Note: It is interesting to note that
r
rs
=
1
H2r2
(43)
where rs is the Schwarzschild radius. The relation H
2r2 < 1 constrains the cut-off to be larger that rs. )
ENERGY AND ACCELERATION EQUATIONS
We check the equation of motions from the metric Eq. (38). We focus on our metric at θ = π/2 is
c2ds2 = c2Zdt2 − dr2/Z − r2dφ2 (44)
Z = 1− 2GM
c2r
+
2H
√
2Mr
c2
− H
2
c2
r2 (45)
This metric only works for H2 = Λ3 .
Given the similarity of Eq. (41) with the Schwarzschild metric, we can borrow much of the works in the
literature (such as Kenyon’s book (General Relativity) etc.) to obtain conservation relations (Kenyon Eq. (8.3)-(8.4))
Zmc2
dt
ds
= E; r2
dφ
ds
= h = r2
dφ
dt
(
dt
ds
)
. (46)
so the conservation of angular momentum for Newtonian motion is true at low speed system. The energy equation
for a test particle of unit mass is
E2
c2
−
(
dr
ds
)2
− Zr2
(
dφ
ds
)2
= c2Z (47)
whence
T =
1
2
(
E2
c2
− c2
)
=
1
2
(
dr
ds
)2
+
Zr2
2
(
dφ
ds
)2
− GM
r
+H
√
2GMr − 1
2
H2r2 =
1
2
r˙2 + U(r) (48)
7U(r) =
h2
2r2
(
1− 2GM
c2r
+
2Hr
c
√
2GM
c2r
− H
2
c2
r2
)
− GM
r
+H
√
2GMr − 1
2
H2r2 (49)
Differentiate the potential w.r.t. t, one obtains
r¨ = −1
r˙
dU
dt
=
h2
r3
− GM
r2
− H
2
√
2GM
r
+
a¨
a
r − 3GMh
2
c2r4
+
3Hh2
2c2
√
2GM
r5
+
h2
c2
H˙
r
(50)
For Newtonian limit, we have ds = dt.
(Note: It is important to note that transforming the FRW metric into curvature coordinates is still an open
problem. Using the Baker approach with the choice of β˙ = H , we obtain Z = 1−H2r2, it follows that the potential
and acceleration equation of FRW in curvature coordinates are respectively
U(r) = −1
2
H2r2; r¨ = (H˙ +H2)r =
a¨
a
r (51)
). The VMOND acceleration is given as
r¨VMOND = −Hr
√
GM
2r
= −4πGr
3
√
ρb(r)ρH (52)
ρb(r) is an effective density at radius r of a sphere inside of which the density is assumed uniform. For a central
mass system such as MW with M = 1.5× 1012M⊙, at distance r0 = 10kpc, this acceleration is r¨ = 1.15× 10−12m/s2
and is r¨ = 1.15 × 10−13m/s2 at 1Mpc. Within the scales of interest this VMOND acceleration is significantly less
than the Milgrom MOND acceleration of r¨ = 2× 10−10m/s2. Therefore VMOND does not directly lead to Milgrom
MOND hypothesis.
In Conformal Gravity program (Mannheim [22]), with the metric
ds2 = Z(r)dt2 − 1
Z(r)
dr2 − r2dΩ2, Z(r) = 1−
(
2GM
rc2
− γr + Λ
3c2
r2
)
(53)
comparing with the Schwarzschilds de-Sitter metric, here Z(r) takes on an additional term of the form −γr and γ
can be tuned to fit the rotational curves [22]-[23]. However at the tuned value γ, the corresponding strong lensing
deflection angles for galaxies and clusters are negative which are not compatible with observations [24]. Rewriting
Eq.(53) in terms of densities,
r¨ =
h2
r3
−
[
4πG
3
(ρb − ρΛ)
]
r − γ (54)
Therefore, the γr term in the conformal Gravity metric plays the role of a constant acceleration independent of the
densities due to the central mass and cosmological background. One could tune this γ to a desired value in cases
where Newtonian acceleration is not enough to provide the gravitational attraction needed.
By contrast, in Eq.(21) the VMOND acceleration in the acceleration equation
r¨ − h
2
r3
= −4πG
3
(
ρb +
√
ρb
√
ρH + qρH
)
r = −4πG
3
(
ρb + ρb
√
ρH
ρb
+ qρH
)
r (55)
depends on the ratio ρb/ρH and is not tunable. Where q = −1 for Λ dominant epoch, and q = 1 for both radiation
and matter dominant epochs.
Special features of the VMOND potential:
From ρb/ρH we can measure the effect due to the Newtonian term comparing to that of VMOND. For a region
near a large central point mass potential where ρb/ρH ≫ 1, VMOND effect will be negligible as expected from
the works of Einstein-Straus [3] and Bonner [4]. However, for ρb/ρH ≪ 1 similar to the baryonic overdense region
ρb/ρ = δ (δ ∼ 10−5) at very early time, here we expect that the VMOND density dominates over Newtonian density
8in providing gravitational attraction. When the protogalactic cloud grows to baryonic density ρb/ρ = δ ∼ O(1), the
VMOND density plays the role of an additonal term ρb/
√
δ to the baryonic density. The same behaviour persists for
large gas shells in dark energy dominant epoch. After a protogalaxy shell moves close enough to the galactic central
mass, the VMOND term effect will reduce as ρb/ρH grows larger. For ρb/ρH ≫ 1 the VMOND density contribution
becomes negligible and we re-enter the Newtonian dominant region as mentioned before. Thus we can see that the
evolution of VMOND potential starting from early time is critical to galactic formation theory.
DENSITY PERTURBATION GROWTH
At times before recombination, currently it is assumed that the overdense regions (density perturbations) are
quantum fluctuations from inflaton field within the horizon and will evolve into clusters of galactic objects. Before
recombination, baryons are tightly coupled with photons. In the ΛCDM model, dark collisionless matter (DM)
moves into the centre of the perturbation with the DM density grows logarthmically in t during radiation dominant
epoch and subsequently as ∼ t2/3 during matter dominant epoch. The clumping of dark matter particles enhances
the gravitational potential to assist baryonic matters to fall in faster after recombination. However, in the case of
VMOND, in the radiation and matter dominant epoch, the mass overdensity δρ is small relative to the background
density, VMOND density is simply a large multiplicative factor of the mass overdensity. We want to estimate the
growth rate of small density perturbation in the matter dominant epoch under the influence of VMOND density. We
start by specifying the density perturbation δ as
δ =
ρ¯− ρ
ρ
(56)
where ρ¯ is the energy density of the overdense region of radius r, and ρ is the the background matter density. We
follow standard derivations in [25]. For the matter density ρb = ρδ,
from Eq. (52), we have ρVM =
√
ρ
√
ρb = ρ
√
δ, the equation of motion for a point r on the overdense surface based
on the Newtonian and background density is
r¨
r
= −4π
3
G(1 + δ)ρ = −GM
r3
(57)
where one assumes that M includes the overdense mass is fixed and given by M = 4π3 r
3ρ(1 + δ) with
M
4π
3 (r + δr)
3
=
(
1 + δ
)
ρ, (58)
and it follows that
−3δr
r
= δ (59)
Following the derivation of [26], in which a parametrisation of r = a(1 + cosθ) and t = b(θ − sin θ) with a3 = GMb2.
where θ is now the ”eccentricity anomaly”. For t small and thus θ, solving for r one obtains
r =
(GM)1/3
2
(6t)2/3
[
1− 1
20
(
6t
b
)2/3]
. (60)
Here on the RHS the first term outside the bracket describes the orbit of the unperturbed sphere. As r increases
over time, the sphere volume increases as the background density decreases, but the perturbed volume decreases as a
factor of the backgorund so that we have
δr
r
= − 1
20
(
6t
b
)2/3
. (61)
From Eq.(59)
δ = −3δr
r
=
3
20
(
6t
b
)2/3
, (62)
9We obtain the well known density perturbation growth result δ ∝ t2/3. This is the scenario where Newtonian gravity
leads to insufficient density growth, one needs to invoke DM particles. With the VMOND, Eq.(57) becomes
r¨
r
= −4π
3
G(1 + δ + δ1/2)ρ = −M(1 + δ
1/2)
r3
(63)
thus from Eq.(60) r grows as
r =
1
2
(
GM(1 + δ1/2)
)1/3
(6t)2/3
[
1− 1
20
(
6t
b
)2/3]
. (64)
This change in r when it grows causes a generic change of density
M
4π
3 r
3(1 + δ1/2)(1 + δrr )
= ρ(1 +
δρ
ρ
) = ρ(1 + δ) (65)
M
4π
3 r
3(1 + δrr )
= ρ(1 + δ)(1 + δ1/2) = ρ(1 + δ1/2 + δ + δ3/2) (66)
Keeping first order term in δ1/2 and δ
−3δr
r
= δ1/2 + δ =
3
20
(
6t
b
)2/3
(67)
For δ ∼ 10−5, δ1/2 ≫ δ, so that we keep the dominant term δ1/2 in Eq.(67) and obtain
δ1/2 ∝ t2/3 (68)
In this case, for δ ≪ 1, we have δ ∝ t4/3. Without the δ1/2 term, from Eq. (67) one would recover the usual result
δ ∝ t2/3.
The key observation in the above derivation is that we should use Eq. (66) to relate mass density to density
pertubation, since the growing radius r(t) carries a generic multiple factor 1 + δ1/2, due to the equation of motion
having the VMOND term. For more detailed density perturbation growth in small δ regime, we use the following
equations. The Euler equation ( equation of motion of a fluid element at distance r on the overdense surface)
∂~u
∂t
+
(
~u.▽r
)
~u = −▽rP
ρ
−▽rΦ, (69)
with gravitational potential equation
▽2rΦ = 4πGρ, (70)
and the continuity equation (
∂ρ
∂t
)
r
+▽r.(ρ~u) = 0. (71)
The total velocity ~u is given in terms of Hubble flow velocity a˙~x and peculiar velocity ~v = a~˙x
~u = r˙ = a˙~x+ a~˙x = a˙~x+ ~v (72)
For proper coordinates ~r = a~x
▽r →
1
a
▽x =
1
a
▽ (73)
The gravitational potential is given by a background potential with a peculiar potential
Φ = Φ0 + φ (74)
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For an overdensity δρ,
ρ = ρ0(1 + δ) (75)
With VMOND, the density that participates in the gravitational potential is
ρ = ρ0(1 + δ + δ
1/2) (76)
From the simple example above, the real matter density is also squeezed by a factor (1+ δ1/2) in the matter dominant
background. For zero sound speed, the equation for the evolution of the perturbation in density δ is given by
∂2
∂t2
(
δ1/2 + δ
)
+ 2H
∂
∂t
(
δ1/2 + δ
)
= 4πGρ
(
δ1/2 + δ
)
(77)
For small δ keeping the leading order δ1/2 approximation in Eq.(77)
∂2
∂t2
(δ1/2) + 2H
∂
∂t
(δ1/2) = 4πGρ(δ1/2) (78)
Without the VMOND density δ1/2ρ, fluctuations δ dominates Eq.(77). With H = 2/(3t) in matter dominant
epoch, Eq. (78) becomes
δ¨ +
4
3t
δ˙ − 2
3t2
δ = 0. (79)
The solution to Eq.(79) can be obtained by the form δ = Atn, where A, and n are constants. In a flat, matter-only
universe where a(t) ∼ t2/3, the small density pertubations δ will grow at the rate
δ ∝ t2/3 ∝ a(t); a(t) ∝ 1
1 + z
(80)
which leads to a growth δ ∝ 103 that is much less than the required total fluctuations growth of δ ≥ 105. With
VMOND, Eq.(78) has the solution δ1/2 ∝ t2/3 and we obtain a new growth rate for δ as δ ∝ t4/3 ∝ a(t)2 which
produces a growth rate at δ ∝ 106 since recombination.
CMB ACOUSTIC PEAKS
Before recombination, the baryons are tightly coupled with photons, where we have ρH = ρ0 + ργ with equation of
motion
r¨
r
= −4πG
3
(
δρ0 + δ
1/2√ρ0
√
ρ0 + ργ + (ρ0 + ργ)
)
= −4πG
3
(
ρ0(1 + δρ) + ργ(1 + δ
1/2
√
ρ0
ργ
)
)
(81)
where ργ is the photon density. As long as the photon-baryon remains strongly coupled, the overdense radius r
expansion at radiation-matter equality ρ0 ∼ ργ is driven by ργ(1 + δ1/2) as a harmonic oscillator and the effect of the
δ1/2 term remains small at radiation-matter equality epoch. The VMOND effect only enters the density perturbation
equation through the increase in gravitational potential Φ = Φ0 + φ
δ¨k + 2Hδ˙k =
(
4πGρ0 + 4πGρ0
√
ρH
ρ0
− c2sk2
)
δk ≈
(
4πGρ0
√
ρH
ρ0
− c2sk2
)
δk, (82)
here VMOND term dominates the potential and we take ρH ≈ ργ in radiation dominant epoch, and cs is the sound
speed given by
c2s =
c2
3(1 + R˜)
, R˜ =
3ρb
4ργ
, (83)
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from the unperturbed Poisson equation, one has −4πGρ0
√
ργ(t)
ρ0
= k2φk, where ργ(t) is the photon density at time
t. Using an approximation by neglecting the Hubble expansion term, Eq. (82) becomes a driven harmonic oscilator.
The effect on the temperature fluctuation is given by (see [29] for a detailed treatment)
∆T
T
= φk +
1
3
δk =
(1 + 3R˜)
3
φkcos(cskt)− R˜φk (84)
here the Doppler effects are neglected for simplicity and the term φk is gravitational red-shift. The odd peaks are
given by (cskt) = π
∆T
T
=
1 + 6R˜
3
φk (85)
the even peaks are given by (cskt) = 2π
∆T
T
=
1
3
φk (86)
For peaks higher than the first and second peaks, which enter the horizon earlier, the oscillation occurs during the
strongly radiation dominant epoch. We denote ργ(tn) as the photon density at the time the n
th peak is produced,
the photon density at the third and higher peak is much higher than when the first peak is produced. We have
ργ(t3) > ργ(t1) (87)
and putting this condition into Eq.(84) provides an increase in potential well depth by a factor of
√
ργ(t3)
ργ(t1)
and lifting
the third peak (and higher peaks) in the strong radiation dominant epoch,
∆T
T
=
(1 + 3R˜)
3
√
ργ(t3)
ργ(t1)
φkcos(cskt)− R˜
√
ργ(t3)
ργ(t1)
φk (88)
here R˜ ≪ 1. Following discussion in [28], the first peak’s position tells us about the underlying geometry of the
universe. To read from the amplitude of the second peak for existence of CDM (or third peak for MOND), the
idea is ”baryon loading” in R˜ where increase of dark baryon density increases R˜. For CDM the baryonic loading
(at ρDM ∼ 6 × ρb) will lift the second peak to just below the first peak. For MOND where there is no additional
baryons and thus no baryon loading, the second peak is very small (which is arguably the case by McGauph [28]) and
the third peak is counted as the second peak for comparison with CDM predictions. Beyond these peaks, Milgrom
MOND (which becomes an effective constant when acceleration is below a certain scale ) has no effect in the high
acceleration region and thus cannot lift the higher peaks in CMB.
The lifting of the third (5th for MOND) peak is regarded as a major evidence for CDM since here baryonic
matter density potential (with MOND ineffective) is not enough to lift the odd peaks. Eq. (88) shows that as one
approaches the early radiation dominant epoch, it is clear that the VMOND through the factor
√
ργ(t3)
ργ(t1)
can play the
role of external driving force and lifts the higher acoustic peaks without increasing R˜ via baryon loading.
We also notice that in Eq. (82) that when the sound speed c2s is small after recombination, the VMOND
density ρVM = δ
1/2(δρ) is a factor of 100 to that of the Baryonic matter density and should provide a much stronger
damping to the Baryon Acoustic Oscillations (BAO). This strong BAO suppression is a major problem for MOND.
(Dodelson). We will pursue this issue elsewhere.
DISCUSSION AND CONCLUSION
We find a metric that interpolates between a central point mass in an expanding background. This solution has a
variable modified Newtonian (VMOND) term which becomes negligible when baryonic density is much higher than
cosmological background density, which is the case for gravity near a central point mass potential. This VMOND
term dominates Newtonian gravity when baryonic density is lower than the cosmological background density, which
is the case for early time overdensity evolution. We find that this metric alone can provide explanation for the correct
density perturbation growth, the lifting of CMB higher acoustic peaks. We mention that works elsewhere for strong
lensing in galaxies and clusters and galactic rotational curve are equally consistent.
12
References
[1] G. A, Baker Jr., ”Effects on the structure of the universe of an accelerating expansion” ”General Relativity and Gravitation”
June 2002,volume 34, issue 6, pp 767-791.
[2] C. Bona and J. Stela, Phys. Rev. D36, 2915 (1987).
[3] A. Einstein, E. Straus,”The influence of the Expansion of Space onthe gravitational Fields surrounding the individual
stars”, Rev. Mod. Phys. 17, 120-124.
[4] W. Bonner, ”A generalization of the Einstein-Straus vacuole”, Class. Quantum Grav. 16, 1313-1323.
[5] G. C. McVittie, MNRAS., 93, 325 (1933).
[6] B. C. Nolan, arxiv.9805041.
[7] P. C. Ferreira, ” an expanding locally anisotropic metric describing matter in an expanding universe” arXiv:1006.1617v1.
[8] A. Mitra,”Friedmann-Robertson-Walker metric in curvature coordinates and its applications”, Grav. cosmol. No.2 (2013).
[9] A. Mitra, ”Interpretational conflicts between static and non-static forms if the de-Sitter metric”, Nature, Scientific reports
2, article number:923 (2012).
[10] F. Mena, R. Tavakol, R. vera, ”Generalisations of the Einstein-Straus model tocylindrically symmetric settings”,
arxiv:0405043, subitted to proceedings of MGX.
[11] C. Moni Bidin, G. Carraro, R.A. Me´ndez, R. Smith, ”Kinematical and chemical vertical structure of the Galactic thick
disk II. A lack of dark matter in the solar neighborhood”, arXiv:1204.3924, accepted for publication for the Astrophysical
Journal.
[12] J. Garcia-Bellido, A. Linde and D. Wands, Density Perturbations and Black Hole Formation in Hybrid Inflation. Phys.
Rev. D54, 6040 (1996).
[13] A. Aguirre ”Alternatives to Dark matter(?)” arXiv:astro-ph/0310572v2; ”Dark matter in Cosmology” in ”Dark matter in
the Universe: Jerusalem Winter School for Theoretical Physics 1986-1987” pp.1-17; A. Aguirre, C. Burgess, A. Friedland,
D. Nolte, ”Astrophysical Constraints on Modified Gravity at Large Distances”, Classical and Quantum Gravity, 18, 223.
[14] T. Clifton, P.G. Ferreira, A. Padilla, C. Skordia, ”Modified Gravity and Cosmology” arXiv:1106.2476v3, Physics Reports
513, 1 (2012), 1-189.
[15] C. Skordia, ”The Tensor-Vector-Scalar theories theory and its cosmology”, arXiv:astro-ph/0903.3602v1.
[16] S. McGaugh, ”A tale of two paradigms: the mutual incommensurability of ΛCDM and MOND. arXiv:1404.7525, Canadian
Journal of Physics 93,250 (2015); B. Famaey, S. McGaugh, ”Challenges for Lambda-CDM and MOND”, arXiv: 1301.0623,
Proceedings of the Meeting of the International Association for Relativistic Dynamics, IARD 2012, Florence.
[17] P. D. Mannheim, ”Alternatives to Dark Matter and Dark Energy”, arXiv:astro-ph/0505266v2, Prog. Part. Nuvl. Phys. 56
(2006) 340-445.
[18] R. Genzel et al., Nature 543, 397-401 (2017).
[19] P. Lang et al., arXiv: 1703.05491 (submitted Astrophysical Journal).
[20] R. Gautreau, ”Curvature coordinates in cosmology” Phys. Rev. D, Vol.29 No. 2 January 1984 (186-197)).
https://www.nature.com/articles/srep00923.
[21] C. Leibovitz’s, Phys. rev. D Vol. 4, No. 10 1969 (2949-2955), Appendix A.
[22] P Mannheim, D. Kazanas, AJ, 324,635 (1989).
[23] A.Edery, M Paranjape, Phys. Rev. D 58,024011 (1998).
[24] A. Bhattacharya et. al. arXiv:0910.1112, JCAP, 1009:004,2010.
[25] http://www.its.caltech.edu/∼kamion/Ay127/week4.pdf.
[26] http://www.its.caltech.edu/∼kamion/Ay127/week4.pdf.
[27] http : //www.astro.yale.edu/vdbosch/astro610lecture4.pdf.
[28] S. McGauph, ”Distinguishing Between CDM and MOND: Predictions for the Microwave Background”, arXiv:9907409. AJ
523, L99 (1999).
[29] W. Hu, N. Sugiyama, Astrophys. J 471(1996) 542.
